Quantum Field Theory on Causal Sets

REE FHE T8

Nomaan X

HE-X
Contents

H ¢
Introduction 3202
515 3202
The Sorkin-Johnston Method. 3204
RIRB-LIFHIT 1% 3204
Green Functions 3205
FEPRERIEL 3205
SJ in the Continuum 3211
BESGEHR R IR -V T ik 3211
SJin the Causal Set. 3215
(K SR PR Y RIR - LI 75 7 3215
Concluding Remarks 3226
£t 3226
References 3228

Sk 3228

Abstract

R

We give a broad overview of a construction of a theory for matter on fixed causal set backgrounds. We

introduce the Sorkin-Johnston formalism for a free (real) scalar field theory that is applicable to regions of



continuum spacetimes as well as to causal sets. We show examples in the causal set, starting from the con-
struction of Green functions to obtaining unique two-point functions using this formalism. We also mention
other approaches that have been explored in constructing dynamics for matter on causal sets, including ideas

for interacting theories and fermions.
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Introduction

515

The main motivation for wanting to describe QFT on a discrete spacetime background is to avoid diver-

gences (Lattice field theory is the most straightforward but less foundational implementation of this idea with



the advantage of being amenable to numerical/computational methods.). Traditionally, this was handled by a
variety of renormalization techniques which, initially introduced as technical tools to obtain sensible results,
are now understood in the sense of Wilsonian renormalization as ways of obtaining an effective field theory.
The idea being that since we don’t know the full UV complete theory, we're always dealing with effective
descriptions involving energy-dependent parameters. These effective descriptions stop making sense beyond
certain energy scales. This approach has seen stunning success as far as high energy physics phenomenology
goes. It has also become the standard way of studying condensed matter systems.
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In the study of quantum gravity however, this approach has severe limitations. Firstly, by construction it
throws away information on the deep UV regime. Secondly, while the renormalization group flow description
of couplings in a theory can indicate the breakdown of effective theories, it will not signal the appearance of
radically new physics that may arise. Ideas such as non-locality, stochastic behavior of matter (or gravity),
causality violation, and the breakdown of notions tied to the continuum are not trivial extensions of local,

renormalizable, continuum-based effective field theories.
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The interest in studying QFT on causal sets is not only a way around these limitations but is in itself an
important ingredient in thinking of causal sets as fundamental to quantum gravity. It is foundational and
bottom-up in the same sense as Boltzmann’s statistical mechanics was in describing standard macroscopic
thermodynamics of his time. Even putting aside the question of whether causal sets are in fact fundamental
or not, we might be interested in studying QFT on a discrete background which, unlike say a simple hypercubic
lattice, shares basic properties of continuum spacetime (e.g., Lorentzian signature and Lorentz-invariance).
Effects of spacetime discreteness from the causal set may show up at larger scales in observations and/or

experiments; at the very least, it will help us constrain the discreteness parameters.
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Various approaches to studying QFT on causal sets have been considered, and below we provide a brief

summary:
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« Matter as a causal set: These are inspired from Wheeler’s geometrodynamics where field configurations
are encoded in patterns arising from the causal structure, i.e., matter arises from spacetime. An example
has been proposed here [27]. Another possibility is to model matter ala Kaluza-Klein, where we start
with a higher-dimensional causal set dynamics and try to split this into a lower-dimensional causal set

part along with a matter part. This is yet to be implemented.
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« Matter on a causal set: This is along the lines of standard QFT where dynamics of matter are described

on a background spacetime. There have been multiple approaches to this:
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1. Scalar field theory in histories form: Histories-based formulations of quantum theories are regarded
as more satisfactory than operator formulations for various reasons. Such an approach for a free scalar field
on causal sets is based on the decoherence functional D (;’ , Z) that maps pairs of spacetime histories (A pair is
called a Schwinger history in honor of the Schwinger-Keldysh version of the path integral.) of the scalar field
to complex numbers. The dynamics must then be described in terms of D and a quantum measure obtained
from it. Suggestions for generalizations to interacting theory have also been proposed [25].
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2. Green functions and the Sorkin-Johnston formalism: In this approach, the classical equations of mo-
tion are bypassed, and we directly identify a retarded Green function for the scalar field. Then, we use the SJ
formalism to construct a unique Wightman function for the theory [19, 26]. This approach has been studied
the most, not just in the context of causal sets [19, 28] but also in the continuum [2, 20, 26] , where it can be
used as an alternative to canonical quantization. Importantly, it provides a way around the problem of the

choice of a vacuum in arbitrary spacetime regions.
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Recently, an alternate way of defining a vacuum state using the notion of geometric quantization instead
of using the SJ axioms (see below) has been proposed [16]. This method can be applied to symplectic manifolds



with a Riemannian metric. In the case of causal sets, this means applying the procedure to a symplectic vector

space with an inner product, which results in a state identical to the SJT state.
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3. d’Alembertians: A scalar field on continuum spacetime satisfies the Klein-Gordon equation. A natural
step in discretization is therefore to find the causal set analog of the d’Alembertian operator. One way to do
this is to identify a Green function and then invert it. This was tried in regions of M? [10, 23] and found to be
a good approximation to the continuum d’Alembertian for fields which vary slowly on the discreteness scale

and are zero on the boundary of the region considered.
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Another, better studied way is to construct a d’Alembertian operator in a way analogous to the usual
second-order differential operator, as a difference operator using nearest neighbors. However, due to the
Lorentzian nature of the metric, it is not obvious how to identify "nearest neighbors.” A way around this was
the proposal to use a past-layered decomposition of the causal set and then sum over these layers with appro-
priate coefficients [6,24]. A class of such d’Alembertians has now been constructed for different geometries

and dimensions [4, 11].
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It remains an open question as to how these d’Alembertians can be used to define a full field theory on
the causal set.
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4. Field Lagrangians: This approach is based on re-expressing the classical field Lagrangian in terms of
the causal structure, the volume element, and the proper time, i.e., quantities derived from the causal set [29].
While this has the advantage of being amenable to gauge fields and spinors, it is a top-down approach that
starts from the continuum and leads to a somewhat complicated causal set expression. Instead, it would be

appealing to start from things defined on the causal set and then take the continuum limit as a cross-check.
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We note that while the motivations for constructing QFT on causal sets come from quantum gravity, such
a construction, as a UV complete theory would require evaluating the full path integral over all causal sets
and field configurations. This is beyond our current understanding of the subject. Instead, we build QFT on
sprinkled causal sets, i.e., causal sets approximated by fixed regions of continuum spacetime. This way, we can
focus on aspects of quantum fields on causal sets without the complications arising from dynamics of causal
sets themselves. This corresponds to working at a mesoscale that is not quite the Planck (or discreteness) scale
but incorporates the effects of discreteness. Hence, we probe higher energies than QFT on curved spacetime,

which might be phenomenologically relevant.
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The Sorkin-Johnston Method

IR -2l 5 {4

The method we describe here is for the construction of a theory of a free (real) scalar field. We also note
that this construction can be carried out rigorously in the continuum as well [1,12,26] . Here we review
the continuum construction and then restrict ourselves to the causal set where the construction is greatly

simplified.

BAHEMA AN TTTER THIE B B (52) tnEHIe, FEGIARE, S5 WA DRSS ™%
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We will proceed in an unorthodox manner that is more suited to the causal set - rather than start with the
field equations (While there are algebraic conditions that can potentially be used as equations of motion on
the causal set, they are not analogous to the dynamical equations that we are used to in standard field theory.)
- the construction will be based on the retarded Green function of the field. The two-point correlation function

or the Wightman function can then be derived from this Green function:

BATRR A SR RR B ARG AT FOTRIES — AN R AR (REFE - EREGMA, &
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where A is called the Pauli-Jordan function and we define it below. Such an approach builds in state

information from the very beginning, in the form of the Wightman function, W (x, x") .
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We begin our discussion with the first step in the construction, the identification of appropriate Green
functions on the causal set. In general, there is no known way to obtain a Green function starting from the
causal set. The examples we discuss below are some known and interesting cases where the Green function
on the causal set can be motivated from the knowledge of the corresponding continuum Green function. We
will also see that there are usually multiple ways to do this, and we expect that they converge in the continuum
limit. Toward the end of the following section, we briefly mention alternate proposals for obtaining Green

functions.
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Green Functions
PR PR R

Before we discuss examples of constructing Green functions, we note an important connection between
the massless and massive Green functions. Consider the massless scalar retarded Green function G (x, x")

on a globally hyperbolic d dimensional spacetime (M, g) :

ZE R MO0 VAP =g e Y N eI e e 1S o (N A r/od = NE S G R S DD T8¢ vy NET k- ] TR EEE -JE°3
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V—g(x)

The massive retarded Green function, G,, , satisfies:

AR EHEBIEREEL G, T2

1

V—g(x)

S(x—x"), 3

(Dx - mz) Gm (x’ x’) ==

and can be written as a formal expansion

I B AE AR BT
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where

&

(A*B)(x,x') = | d¥x; —g (%A (x,x1)B(x,x"). (5)

If G, (x, x") is retarded, then so is G,,, (x, x") .
£ Go (x, x') TAEIBAAREREL, W Gy, (x, x") WZHIBFEAREREL,
Consider the more general case of a scalar theory in curved spacetime. The Green function satisfies:

RN 2 A EEIC R E AR, AR A e

1

V—-g(x)

Gp,¢ (x, x") can be obtained from G ¢ (x, x') using the same series expansion Eq. (4):

(Og —m* —€R) G (x,X) = S(x—x'). (6)

G g (x, ') AT AR FIAIFLBURITR (4) 1 Go g (x, x') 185:

- k
Gm7§ = Z (—mz) G0,§ * GO,E * ... GO,E- 7
k=0 k+1

Further, in the special case when R is a constant, the £R term just modifies the mass, and Gm,¢ (x,x")
can be obtained from the massless minimally coupled (MMC) Green function G, (x, x") with m? replaced
by m? + £R . In general, for constant R , we can relate the two Green functions:

AN, 1 R AEEEIRFRIGIE T, ER BN FEMIE L, H G, ¢ (x, x") AT CARCRE m? Bl m? + ER
JERITEP R B/ MEE (MMC) FEMEREL Gy (x, x) 158, —RM S, 4 ROAVEEIN, FATA] LR M
SRR R R LR

> k
Gm/,g/ = Z (—m’2 - g’R + m2 + §R) Gm,§ * Gm,§ * ... Gm,gy (8)
k=0

k+1
for any (m, &), (m’, &’).

SHERE (m, €),(m’, &) AL,

Therefore, if we have the massless (or MMC) retarded Green function, we can write down a formal series
for the massive retarded Green function. Note that, in the d = 2 case, this formal series contains IR diver-
gences in each term due to the presence of G, [5]. However, on causal sets the expression is well-defined

since we are always working with matrices and finite sums.
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If we have a massless (or MMC) retarded Green function analogue (We avoid writing & in the causal
set expressions; however, when appropriate, £ will modify the mass as discussed for the continuum case.),
Ky (x,x") , on a causal set with sprinkling density p in a volume V of d -dimensional spacetime, we can

propose a massive retarded Green function K,,, (x, x") via the replacement:

RBAMERIBEEN o . AN V B d gENSHARE B, 528 TR E (B MES TR E) #
IRFS MR EE (BN RAEPRIRERAXF T & ; PEEERBE T, ¢ KBESSRBEH
TERIBAHBEIE R K, (x, x') , BATIERT DUEE N IR S 216 B E RS R L K, (x, x7) -

[Vt ©)

causal set elements

leading to

FH A2

k

o0 m2

Kp=), (——) Ky - Ky ... K (10)

=\ P ) —
k=0 k+1

where now the convolutions become matrix products. The series terminates and is well-defined for each
pair x and x’ because, as we will see, the matrices involved in the products are nilpotent.

HApEREIX AR, BB EITH), HAMERE N x f x' #02 RE X, EEA]
ZIERED, TP KB RRERERE,

The key to the above construction of a massive Green function is knowing the massless one. We can
repeat it on causal sets if we can find the appropriate massless retarded Green function analogues for causal

sets sprinkled into general curved spacetimes.

EIRHGER BRI ER SCREAE T ERTC R B RSME E, QSR AEFRE R A — RS il I 2 Y R R
SN & TETC PR ARIRAR AR B b, FRATHEAT DATE K SRR BB R IXMEIE,

We now show a few examples of explicit construction of Green functions[19,22].

A LA A SRS AR BB T [19,22],

d = 2 Minkowski
d =2 X K%M

The massless retarded Green function in d = 2 Minkowski spacetime M? is



d =2 K Ri2E M2 PR TE iR HER AR RO

! 1 ’ !
GE,Z) (x,x") = 56 (xo — x0) 6 (% (x, x"))
where 7 is the proper time and 6 is the Heaviside step function.
B o BEAR, 6 RM4ETEERN BRI

For any causal set C , we can define a causal matrix Cy (x, x') as

MNTEERRE ¢, TAIATLUE KERIERE C (x, x) N

lifx’' <x
0 otherwise

Co (x,x") = {

(11

The Poisson sprinkling gives a random variable, which we also call Cy, (x, x") , for every two points, x and

x" on that € . It was shown (This is also intuitively clear from the definition of the causal matrix.) [10] that

the average value of this variable is

THRABTINIZ ¢ HERMA x M1 x' 480 7 — PRIV R, TATHEHION G (x,x') . ERSSILIE

B (NRISRFE R E SORE, RAEE S B BIRAD[10], RN & A FEE N

(Co (x, X)) = 2G5 (x,x').

This suggests that the causal matrix as the analogue Green function in this case

IXRIHRIRAE U X IGTE T B LSRR 2K

2 ’ _1 ’
Kg)(x,x)z ECO(x,x).

Then, a massive Green function K,(ﬁ) (x, x") on € can be defined using this and Eq. (10) as

WS, 5&i%sEieSR 0), AEY ¢ FERERMKELE KD (x,x) N

o Nk k+1
KW (x,x) = (‘ﬂ> (%) Cic (0,27,

k=o\ P

where C),* s are called k -chains and are powers of the causal matrix - Cj (x,x') =
By o BN k B8, RERIEFERR—AED Cy (x,x') =

CO * CO * e CO (x,xl) .
~———————————
k+1

(12)

(13)

(14)

It can be shown that the average value of the corresponding random variable, for any sprinkling density,

is equal to the continuum massive Green function:

10



FIDAIERH, WHERMEERE, N REA LS & ) PEHEAR S TS A PR AR 2L

(K (x,x)) = G (x,x'). (15)

Another way to interpret Kﬁ) (x, x") is in terms of hop and stop weights, a and b, respectively [17]:

R K (o, x') B9 53— 75 15 R B RA A (L AR, 3 BURERE o F1 b, QISZHK [17] BT

[s]
K (x,x') = Y d*1bECy (x, x). (16)
k=0

This form is interpreted as a sum over all chains between x and x’ : for each k -chain, the hop between
two successive elements has weight a , and the stop at each intervening element between x and x" has weight
b . We see that the weight a = 1/2 is associated with each factor of Kf)z) (from the relationship between ng)
and the causal matrix) and the weight b = —m?/p to each convolution. We will see below that in certain

spacetimes with curvature, manipulating these weights appropriately will give us the right Green function.

IE AT DURREA x F1 X' Z R E BEAYSKAN: X255 k 5%, W MHRTCR Z AAYBRERAE N a
x Fl x' Z A RTTEAE EAE R b, BATAIAEE], WE a = 1/2 WF K IENET (4
K MR REEFEIXRAG), WE b = —m?/p MMERER, BITFXEREF, ERLsihn
2, TE S A ROX LA E B AT 1S I IE R RAS AR ER £

d = 4 Minkowski

d = 4 R

In d = 4 Minkowski spacetime, M* , the retarded Green function for the massless field is

1E d = 4 }A[RMTERN 2, M*, TEREHHERSARERECY

G (x,x') = %Te(xo —x) 8 (2 (x.x")). a7)

The causal set analogue is proportional to the link matrix defined as

PRISR G B 3 CIE B a0 T e SR RERE AR R

, 1lifx" < xand |(x,x")| =0
Ly (x,x") == ] ,
0 otherwise

The average value of the corresponding random variable L, (x, x") in a Poisson sprinkling of density p is

N p BITEAAMREET, XERBENIZ R Lo (x, x") KIFEI(E N

11



(Lo (x,x")) = 6 (xg — x) 0 (2% (x, X)) exp (=pV (x,X")) , (18)

where V (x, x") is the volume of the spacetime interval (Such an interval is called a causal diamond or

Alexandrov interval.) J~ (x) nJ* (x’) . Using V (x,x’) = %1'4 (x,x"), it can be shown that

Hr v (x, x") 22X ] (XK X A FR A SR Z BT LLED KX () AR - () nJt (x) . Fl
HV(x,x)= %‘LA (x,x") ] CALERH

lim \/g (Lo (x, x)) = 2GS (x, x). (19)
p—

This suggests that we pick the massless Green function in this case as

XL BB HE X TETE N IEEATC B R AR e 250

4 ' 1 ,
K (6, x) = 5 %Lo(x,x). (20)

The relationship with the continuum Green function is not as direct here because it is only in the con-
tinuum limit as p — oo that the average value of Kg‘) equals the continuum 65)4) . In Fig. 1 we plot binned
and averaged values for the causal set retarded Green function Eq. (20) along with its average value at finite
density obtained from Eq. (18) in a causal diamond of height unity. The corresponding continuum Green
function Eq. (17) has a delta function on the lightcone and is therefore infinitely sharply peaked there. While

this is not the case in the causal set, the discrepancy grows smaller as the density is increased.

UG ES RS AR EIX BRI EHE, FHNREY p — co BUESRIR, K§ I9FE9(E
HETESAN G o 12 1R, BRAVSH T &R 1 MRS E, R (20) 4 H AR REMEIRK
MERERT A BUE, PAR K (18) 1R EIRVA IR R HFIME, X RESLIARRIR (17) MAREREL
FEOCHE B AE— ME/RIERE R, RIAEIZAZTCRRARIER, RIREH A AERXAIEIL, s
R, ZENERIBEHT D,

We use this Kg4) to construct a massive Green function Kﬁf{) (x,x") via Eq. (10) as before:

A TR Z AT —RE, FRIEIXAS KD @SR (10) M85 JREASMRER K (x,x') :

k+1

0 k
K,(:P (x,x") = z (_m_2> (%r %) Ly (x,x"). (21)

- P
k=0
Fig. 1 The binned and averaged plot for K, vs. |r| (timelike distance) as N is varied. The black curve

represents the average value for N = 31k

168 N 22k, Ko X |r] CENEEES) B AE T A, BEHiZiER N = 31k BFP9ME

12



m N=19k
m N=23k
B N=27k
m N=31k
|7|
0.2 0.4 0.6 0.8 1.0
For the corresponding random variable, one can show that
TR R RER AR &, ] DAERH
lim <K§ﬁ) (x, x’)> =GW (x,x)). (22)
p—o

2
The hop-stop weights can be read off from Eq. (21) as a = i\/g and b = —m? , respectively.

BERERI IR Q1) i, o= 1\ [ERib=-"
3 P

d = 4 dS and adS

d = 4 dS 5 RTEVERF W]

In d = 4 for conformally flat spacetimes g,;, = Q2 (x)7gp » the conformally coupled massless Green

function is related to that in M* by

FEIHIETFENZ gop = Q2 () nqp B9 d = 471, FIERSTCHEFMEEATET RS M* RIS
ESRAGIS RS

Gog, (,X') = Q7 () Gf (x,x) Q7' (x'), (23)

where £, = é and G§ (x, x") is the retarded massless Green function in M* . Further, if we have constant
scalar curvature, the massive Green function for arbitrary & can be obtained from G ¢, (x, x") using Eq. (8)

because &R is then a mass term.
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Hrp g = % 1 GE (x,x") 72 M* H1 retarded TR EMEIRERIEL, ILAh, EAREMIFAEE, TR E
WA BLEAS MR R ANET K (8) B Go g, (x, x') 152, [KOWILI R U BRI,

In global dS spacetime and in the conformally flat patch of adS spacetime, it has been shown that [22]

WK, TERAEPIRIN 2R RAEPE RN B T BN T, AR [22] Fi5H

lim —\[<LO (x,x")) = Go, (x,X). (24)
p—oo 2 ¢

Therefore, we can construct the massive retarded Green function for arbitrary coupling from this along

the same lines as before

Rt BATAT DAV Z RTARES, IS LRSI A BRI AR

Ky (x,x') = Z akb 1L, (x,x"). (25)

24(€--)R
witha:i\/gandbz—w.
27 6 P
i =_\/’$nb—_uo

Riemann Normal Neighborhoods

RS I RRAR I

In more general spacetimes, it is a highly nontrivial task to find the average values of the random variable
defined through the causal or link matrices. Due to this, it is not possible to prove if these random variables
have the right continuum limit that we desire. However, there are still situations where we can make a more

quantitative guess about the causal set Green function.

FE S — R 23, SRAFEIT R SR R s BE I AR P i SR BB 2E B P EMER — RO S LB
%o W, TAVTCIRIEIXER I B2 SRS 2 RN ER EMESNR, Y, e &%
AT DALEFRATIN AT SRER AR A B £ M 4 B8 B A

For example, every d = 2 spacetime is locally conformally flat. If the spacetime is topologically trivial,
then the MMC Green function equals the flat spacetime Green function Eq. (11). Therefore, it seems rea-
sonable to expect, at least locally, that on causal sets sprinkled into such spacetimes, the massless minimally
coupled causal set Green function, K(()Z,% (x,x"),is the flat one given by Eq. (13) and therefore for regions where

R is approximately constant, that Kﬁ)g (x, x") is given by

14



Blan, =4 d = 2 NEER R FEE, RN 22 0, 82 MMC AR B0
TFERNZSHEAREE, R QD). FEEMEEEINY, 2OERE, N TRREEIX N IR
R TR/ MBS EIREMREEL KD (x, x) SRR (13) AT EER S RELR, it R
ﬁMﬁﬁﬁ%Eﬁ,@%uxdm?ﬁ%ﬁ

o0 k  k+1
@ N [ M HERY (1 ,
Km’g(x,x)—kZ::O( ; ) (3) G, (26)

The argument that the average value over sprinklings of the corresponding random variable will be the
correct continuum Green function proceeds exactly as in the flat case. This is still a heuristic argument and
cannot be made more concrete because (C. (x, X)) is not known. The best we can do is show that the average
value gives the right Green function in a Riemann normal neighborhood (RNN), in the continuum limit to

leading order. Indeed, we find that when m? > £R

X 7 AT AR 2 A -3 (B IE BRI IESASPRR 2L, X — IR IR R A BN 2 S e 2 — 3
AR —NERIRIUE, HT (C (x, X)) HMARBAR, JTTESRE RN IS, FATHAREMEIN
LS RZUER, E2REIEMARER (RNN) Y, ESARRELIN N, FEMESA MR ARER L, 52
bR EBATEIL, 2 m? > ER

G2, (x,x') ~ 6 (x) 6 () [%fo () + KRG 1 ey LD,
= Jim (K, (x,x) e

One can prove a similar result in an RNN in d = 4 starting with the link matrix with a further constraint
that the average value matches only when R, (x') & gup (x') , i.e., for Einstein spaces. We refer the reader

to [22] for more detail on these calculations.

FATATDATE d = 4 ER 2 IEMAT S 2R IEE R, S MM SR BERS HE IR H 2, 455 3R
024 Ryp (X)) o ggp (x) I, HEtEXTZRSIHZS A, SPEA LA, B2 HEX BN iRE S
SR [22]6

We emphasize that in the above constructions, the a priori knowledge of the continuum Green function

was used to first propose an analogue on the causal set and then check if it gives the right continuum limit.

BANTFE R, EREERES, BATFH T ESAS RIS RIR, Jefe KR E BRI R
X, HRIEERLS HIEMRINESHIIR,

Before ending this section, we also mention two other, potentially more fundamental, proposals for con-

structing a Green function:
TEATIEERAT, PATDEZS G55 FNPIRT AT BE S B A AR PR R BA3E 75 26

 using d’Alembertians: In the continuum, we expect there is an inverse relation between the d’Alembertian
and the Green function (with appropriate boundary conditions). It is reasonable to expect that such a

relation might exist for the analogous objects in the causal set. As mentioned in the introduction, there

15



are well-studied proposals for constructing d’Alembertians on causal sets. These d’Alembertians are, by
construction, retarded i.e., they are built out of layers in the past of a given causal set element, one might
expect that their inverse (In the causal set, this is a simple matrix inversion.) should therefore define
some sort of retarded Green function. The important question is whether this is the retarded Green
function we want, i.e., the one that gives the right continuum limit. Such a "sweety-salty” duality has

been shown in a limited context [18] of M* but might be more general.

o FIAEHVUREART: EELLEIEH, TATIONIAM MUREARFHIMMEE L (TESIERL R EIET)
FHERMRR, BNTEHEBEHENZMCREAET RHRENN NN R H, L4515 2]
19, EARENREL TERRE SR IURBAN SR, RIERE, XEERHIURE
FHERIERRT, BIEMmSERIRETRL KR ZAETR, KA AR eAIr3%
(FE IR SRER I 2 T B R R SR 3% W DAE SCRATHIRAS AR R 2, oD AEE T, X2 Al
BANFEAERMARE R, BIRES 48 tHIERIRESARRR, XA “TH-R” XEEETE M* E
FRi7 5= FHOERA (18], HEFRERAE TZAYEH M.

« using preferred past: A more recent proposal for constructing a Green function augments the causal
set (Another such attempt was made earlier on by introducing a slicing and using it to define discrete
d’Alembertians [15].) with a preferred past structure in order to first define a d’Alembertian and then
a retarted Green function. This is motived from ideas in local algebraic quantum field theory [9]. The
preferred past structure is a map A such that the preferred past A (p) of a point p is a point of rank
(Rank in this context means the minimum number of links in a path between two points.) 2 in the past
of p . In general, this structure can be chosen in different ways, and it is not clear which is the most
appropriate choice. An example of theory construction for a regular diamond lattice using this method

is shown in [9].

« MR R X2 D EFISHREBIETT R, EARRESIA T R4, DAL
T SOEMVURSEAT, FSEHEIRMSARR L (AT AT RO, W5 IR 1S EBOAR
DURBAT [15]) 1%77 REUEIHLR B RIACEE 7171089 848 [9], Uil REit2 — D A
, R p BB R A(p) 72 p IEFFRN 2 B OXIES MM AR Z RIS 2R B/ D HERS
BOo —fBoRUE, IXMEE AT DAE Z R RIRIERE, B R ASE B — A2 & S IEN, SR [9]
gath T %5 TR IE MU B A A B R 15

SJ in the Continuum

LGN ST IS

The next step in the construction is the choice of a state. Consider a region with finite volume V in (M, g)
. For a free scalar field in this region, the Klein-Gordon (KG) equation is

AR NP RIEFE MR TS, FE M, o) PARRARIXE vV o X ZXIERNE E BbrE
8, SER-XE (KG) TN

(O-m?)¢=o0, (28)
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2

where [] = g%V,V, , and the effective mass m? = mlz, + &R , where my, is the physical mass, R is the

scalar curvature and £ is the coupling. Let {uq} be a complete set of modes satisfying the KG equation in (M, g)
and orthonormal with respect to the KG inner product

H B = gV, Y, , HRRR m? = m + ERERXR, m, NUTLRE, ROURRIME, ¢ VRS
A,V {ug R (M, g) KRG 7FE. HLTF KG IBUREE R a S

.9 = f U Va8 Vands” (29)

where )] is a Cauchy hypersurface in (M, g) . The field operator corresponding to the classical field can
be expressed as a mode expansion with respect to this set:

Hrp Y 2 (M, g) FFRIFIPEEHAT, Xt MM RAT AT DO S & R T

B (x) =Y agqug (x) + ajuy (x), (30)
q
with a4, :?1:; satisfying the commutation relations

o ag, 4] WEA 5 %R

[ag.af, | = 84q» [ag.8¢/] =0, [ad,a] | =0. (31)

The covariant commutation relations for the scalar field operator are given by the Peierls bracket:

IR EATHIPEERN 2 K 2R /RIS 545

D (x),d (x| =iA(x,x), (32)
[ |

where the Pauli-Jordan (PJ) function A (x, x") is given by

HrpiEAI-27 8 (P) BREL A (x, x) H R H

AQe,x")=Gr(x,x") =Gy (x,x"), (33)

with Gg 4 (x,x") being the retarded and advanced Green functions, respectively. This can also be written

in terms of the modes {uq} using the mode expansion and the commutation relations:

HH G a (6, x") 2 BIZAEIEAS PR R BRI AR AR R £, MFHBRITADN 2R R, e tha] UM {ug}
5N

iA(x,x") = Z uq (X) ug (x') — ug (x) uq (x), (34)
q

17



and the two-point function or the state/vacuum (In the usual language of Fock spaces, the vacuum would

be 44/0) = 0.) associated with these modes is defined as the positive part of the above expansion:

FIREBECEAI M R, RIS/ B2 (ER RS RNEIES T, B2 a4/0) =0), &30y bk
JITHIIEBR 73

W (x,x) = ) ug (X ug (x). (35)
q

The initial choice of modes is usually motivated by a choice of observer or the symmetries of the back-
ground spacetime. The SJ state or equivalently the SJ modes are constructed directly from iA in any given
finite spacetime region, do not require a choice of observer, and are thus unique. The question of physical

interpretation of the SJ state is more nuanced and has been studied in some special cases [1].

WITAR BT R H b LI B S I B A RIS, ST 2 GET T ST 1Y) rIEER S E A IR
IS IR E R A M, AT EEERIE, IR, STASRYRREE MY, Bl
B ERR BRI (1],

To construct the SJ vacuum from the PJ function, it is elevated to an integral operator as follows:

T M PY EREUEIE ST HAE, BAPRHSET NN M2 BT

iAo f = if A(x,x") f(x")dV (36)
174

which acts on £2 functions in V and where

EAHERAE Vv AR £2 %L, Hp

(gl f.0) = f AVf* (x) g () (37)

v
is the £2 inner product. Since A (x, x') is antisymmetric in its arguments, iA is Hermitian on the space

of £2 functions in V . Its nonzero eigenvalues, given by

B L2NBL, BT A, x) XTHEZRRWHR, AV AR 2 BEm ER2EKER, ek
TRHEER TS

iAo § (x) = f AV iA (%, x') §ic (X') = A8y (%) (38)
|4

therefore come in pairs (A, —4y) , corresponding to the eigenfunctions (3, 3 ) where § = (s"f:)* (We
adopt the notation that the 3, are the un-normalized (with respect to the £2 norm) SJ eigenfunctions, whereas
the s, without the tilde are the normalized SJ eigenfunctions.). One therefore has an intrinsic and coordinate-

/observer-independent separation of positive and negative eigenmodes of iA .
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PRI HARE A O R (A, —Ag) , T REASTERRRK (51,5, Hb sy = (87) (GARAWTIEE: 5, 2
RIA—b CTF £2 70 B ST AMERER, AT IR SHY s BV —ILHY ST AL, KILBATAT
PATS A (EFUARAERLZ A, AR AL bR S I A BLX 53

The central idea of the construction is the following observation [26,30]:

A R 0 BB R BN TR [26,30]:

Ker ([il - ml%) =Im (3), (39)

where the operators are defined in V' (In a spacetime of constant scalar curvature, m defined above is
constant, and hence this result continues to hold when m, is replaced by m .). This means that the eigenvectors
in the image of iA (i.e., excluding those in Ker (i&) ) span the full solution space of the KG operator. Along

with our earlier result that these eigenvectors have a separation into those with positive eigenvalues and those
with negative eigenvalues, we get a unique decomposition of the field operator:

HABRE AR V i (TEFEARRIRINZS T, FIAE S m 2, RIS m, B m I, %45
SATIIRBRAL)e IXTEIRAE iR (R PIALER &L (BIHERR Ker (iA) FREALER L) KK T KG AT AR
2E, DEBMHATERINEEIE—IXLEEARIE A& 7] 79 0 EARTEEM AAEERE, RIS E
T I — 7 i

B (x) = Y byesye (x) + blst (x), (40)
k

and the SJ vacuum state is defined as

Rl ST B ASE XN
by [057) = 0 VK, (41)
where
Hrp
S = \//1_1{3"1: “42)

are the normalized SJ modes which form an orthonormal set in Im (iﬁ) with respect to the £2 norm

BIA—LH ST, EATHE Im (iR) HOE T £2 JEBHE R — bRk IE 2 R

(515 Sr | Sks Sr) = A Ok
<S1*(,Skl | Sl*(,Skl> =0 (43)
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Using the spectral decomposition

A i

iA(x,x') = Z Sic () s (x") — spc () s (X7, (44)
k

the SJ two-point function in V is the positive part of iA :

V HIE ST ARORER R EUR (A I IERE:

Wy (x,x") = Z sk (x) s (x7). (45)
k

If Wg; (x, x") remains well-defined as the IR cutoff (i.e., V') is taken to infinity, this defines the SJ vacuum
in the full spacetime (M, g) .

A ZLAMERIT (R V) BCETES I Wy (e, x') 50RFF RAE X, Xt T 22 (M, g) Y ST H %S

Alternately, the SJ two-point function is uniquely defined most generally by the following conditions
[26]:

FAh, AER—MRAVIEOLT ST N R ORIERRE BORT B DT 26 P IE—HffE [26]:

IA(x,x") = Wy (x,x") — Wgy (X', X)),
f dv’ f dVf*(x")Wg (x',x) f (x) > 0, (Positive Semidefinite)
v v

/ dV' W (x, x") Wg (x',x'") = 0, (Ground state or Purity) (46)
v

The first condition follows from the definition of the Wightman function. The motivation for the second
condition can be seen as follows - given a state vector |0) in some Hilbert space, the above result can be derived as a theorem |
that follows immediately from the positivity of || z,b||2 = ( | p)where|p) = S dV (x) f (x)$|0). The utility of the final conditi
mention that this condition helps in picking out, from a set of solutions, those that match the notion of a
ground state when such a notion is available. For example, it has been shown that the SJ vacuum will coin-
cide with the minimum energy vacuum in stationary spacetimes [1,2] . In other cases this condition implies
that the entanglement entropy associated with Wg; vanishes, i.e., the SJ state is always pure. We refer the

reader to [26] for a simple example of these conditions in action.

BN FROEHRERBNE XEERT, £ NFRAENII AT ABEN TS SESRE
|0) in some Hilbert space, the above result can be derived as a theorem |, ‘EEZKH || II)II =@ |9
MIEE M, Hd ) = [ dV (x) f (x)$|0) . The utility of the final condition is not as obvious; we just |
faH, HESX—MESFERN, AR DI BB\ — AR rIe Hrs & S, flan, &
AU, 1EESNZE [1,2] H ST AT SR ERAET — 8, EHEMIEN NZFEERES Wy
RIRHVA G AT, B ST SBARAS, R TIXESRARIEERN H LR, 338 n2 WSk [26],
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A third way to obtain the SJ modes is via a mode comparison using Bogoliubov coefficients [1]. Given

the equality in Eq. (39) between Im (3) and the KG solution space, there must exist a transformation between
the KG modes {uq} in V and the SJ modes {sy}, even if the former are not orthonormal with respect to the £2

inner product. Namely, we can write:

195 ST AR =Ry 152 F A Bogoliubov REUMBILLE (1], HIT K (39) 1 Im (R) 5 KG fiEZE[H]
M5, FILRME KG BT £2 WIS ZIERR, V FHY KG B {ug} 1 ST {5y} Z A —E A 1E2E
e, BIEATIATDAS H:

sk (X) = Z Uq (x)Aqk + u:’i (x) Bq > 47)
q
where Agic = (g, Si), » Bak = (4G, 5ic), ; and they satisfy the constraints:

,H;':P Aqk = (uq,sk)KG,qu = (u;‘i, Sk)KG 9 Eﬂ‘]ﬁ/@g@ﬁi

Z Aqk’A(*lk - qurB:; = 5kk’
q

Z qu’Aqk - Aqk’qu =0. (48)
q

Further, if the KG modes themselves satisfy the L2 orthonormality condition

IHeAh, SR KG &L E il £2 IR — %A+

(ugsugqr) = Sqqr» (Ugstlqr) =0, (49)

the constraints simplify considerably.
AR RIE R

It is important to note that the above calculations are limited to finite V' . There are subtleties in identi-
fying Ker (|f| — mz) in V', starting from the solutions in full spacetime.

FEEEWR, LARRTAR V. NEMZEIORINE, €V BHE Ker (0 - m?) 12—
B U (L,

An important question is whether the limits involved in these approaches commute. In the first two
approaches, we define the SJ vacuum directly in finite V and only take the limit V' — oo at the end, if possible,
whereas in the mode comparison approach, we might have to take the limit for the comparison. A case in point
is the 2d causal diamond in Minkowski spacetime, where, in order to compare with the IR limit, W (x, x") was
studied in a small region in the interior of the larger diamond, which to leading order was found to have the
form of the (IR-regulated) 2d Minkowski vacuum [2]. Similar considerations come up in [1,3] when using the

Bogoliubov method.
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— D EZEPEIRX LT IR AR S A5, fERTRAT AT, ROTEREAR V PEX
T SIEZ, (HEAATHIER FRIGABURIR V > oo ; MIAEMRLLRTTIEM, BATTATRERLHUY Heid
FEARRTEURAR, — BRI 52 (X [N 23 N e R RS T 9 T RIZDAMBRR FLES, R RETER
ZIENER— NIRRT W (x,x') , ZIEGELI T ERA ELINEMLR)) 4R REZ
AU (210 ST [1,3] TE6E A 13 B IROR 75 TARHBIE 2] 1 S BLR AT,

Before moving on to the construction in the causal set, we mention the Hadamard condition, which is
related to the UV behavior of two-point functions. It has been shown [8, 13] that the SJ state in the continuum
is not Hadamard. Further, one can obtain a Hadamard state by introducing a smoothening function in the
definition of the PJ operator; this has been tested in static and cosmological spacetimes [8]. However, the
introduction of such a smoothening function introduces nonuniqueness into the construction. Whether a
unique, physically motivated choice can be made for such a function remains an open question. While work-
ing with causal sets, the Hadamard condition becomes a nonissue since there is natural discreteness and the

question of UV limiting behavior does not arise.

FEHARIRENMIEZ AT, BAPRNE— TR EME, ZAFSHRRBIEIMTAER. EF
UERA [8,13], JESSIHRY ST AN RMIAIAS, AN, A LUEEAE PY B FHIE X5 A TRk
FREMGIANL; XA ZMTH AN 2SS TIIE [8], HII XK FEEURAIE
AR ORARME M, REFS RS — NN RV B EDRIME &R, BRI RimE, R REH
TAERS, MBI, FOVEREA S BA BRERBE, SR ERIMIIRIT IR,

SJ in the Causal Set

RIS AR P ST

Causal sets are a natural covariant discretisation of the continuum; they also contain important signa-
tures of quantum spacetime. This makes the results of simulations on causal sets interesting. As mentioned
before, the SJ construction simplifies drastically when working with causal sets because the central eigenvalue
equation for the PJ operator is now reduced to a matrix equation. Therefore, simulations are only limited by

the size of the matrices involved, which is the same as the size of the causal set.

RIEREEIRIESLSE B AT R A ERTE BEIE 3, IG5 & ISR EZRHME, XS AREE BRI
R EWFRME, WRTCANE, FECERRIRER ST RERL, BN PI ERFHZOA
ME R RE MR TR, R, B BR T AHSCRERE AR DN,  TRR R R N A SRER R RIS
—&,

Before we present examples, a quick dimensional analysis tells us the right quantities to compare - the
retarded Green function in the continuum satisfies the KG equation so ([] refers to length dimension.) [G] =
2 —d = [A] = [W]. Therefore, [4;] = 2 and the normalized eigenfunctions have [s ] =1—d/2.

RGBT/l PORENITHIRE S IR BA 7 2 LR & 15V B R — gt P RYHER AR

PR e T SEIN- R B, Rt ([ HERKERN) [Gl=2—-d=[A] = [W]. K, [A4]=2, H—
WAIEREEA [si] =1—d/2,
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In the causal set, we get the dimension of the massless Green function K, by requiring that [KO m?/ p] =0
, where [m?/p| = d — 2. This gives [Ky] = 2—d = [G] = [iA] . Using the correspondence JSav, — %J >, the
y

eigenvalue equation becomes a matrix equation:

TERSRES, BATERZER [Kom?/p] = 0 BRI REMREII RN K, , H [m?/po] =d -2,
RIS [Ko] =2 —d = [G] = [iA] . FIAXRRR fdV, — =3, AMEGTEZNERFR:
y

1
)

%mfk = A (50)

where (In simulations the 1/p factor in Eq. (50) is omitted, which is why in the figures showing the
eigenvalues are divided by p .) [4;] = 2.

Hrp (BRI AR 73 (50) I 1/ BT, ZXHUR N4 B BRBIAMEEERERLA T oo ) [Ak] =20

As in the continuum, we have (Here, normalization is obtained by taking the dot product of the vector
with itself, divided by the density.) [sx] = 1 — d/2 . Further, [W] = 2 — d and can be compared directly with

its counterpart in the continuum.

FEESGIH—E, BATE (A —Ei R B & SEPRAEESE) [s] = 1-d/2, IS,
(W] =2-d, AIDAESEMETEESG AN R & S,

We show numerical results for the causal set SJ vacuum for four cases [2, 28] — causal diamonds in 2 d
and 4 d Minkowski spacetime and slabs of 2 d and 4 d global de Sitter spacetime. In all cases we show how
the spectrum of the PJ operator compares between the continuum and the causal set. We also show the SJ
vacuum and its comparison with the continuum, whenever applicable. Note that, where visible, error bars in
the binned data reflect the standard error of the mean (SEM).

PG PR S O T RIER SR ST B HUEESE R [2,28] — : 2 d 4EH0 4 d 4B [RINESRYEERZETE, DA
K2 d 4ERT 4 d YE2 R EPERFN 2207 slab X3, ERTATRILH, BATHRIR TIESSTHIEREER P
BAFRERIA L, FATDEEEH B FAM T ST A2 LS ESSGEE RN, BEE, 7EAM0
AL, 7> EBARRIRZRE R E R HERR IR ZE (SEM),

Causal Diamond in M?
14
M2 FRIFBREREETE
The IR-regulated Minkowski two-point function is

AN ) Sy NP S PRES k- o)

Re [W iy ] = —%T In(x) + ¢, x = rord, (51)

where 7,d are the timelike, spacelike distances, respectively and c¢; depends on the IR cutoff. In [2] it

was shown that in a small subregion in the center of the causal diamond (i.e., away from the boundaries)
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Fooft 7, d AP BERFSBIRS, ) RO LLAMET, SO [2] SR, ZEFR R0/
TR (IERIA5AL)

¢, —% In (Ae?), (52)

where y is the Euler-Mascheroni constantand 1 ~ 0.46/L , and where 2L is the side length of the diamond.

In units where the volume (area in 2d ) of the diamond is unity, L = 1/2 and ¢; ~ —0.0786 .

Hey NRP- DT FEHEE, A~ 0.46/L, H 2L WEFIIOEK, EZEARI (2d FNER) b 11
BN, L=1/2 H ¢y ~ —0.0786

Simulation results are shown in Figs. 2, 3, and 4. Figure 2 is a log-log plot of the positive causal set SJ
eigenvalues, along with the positive continuum eigenvalues - the two sets of eigenvalues are in agreement up
to a characteristic "knee” at which the causal set spectrum dips and ceases to obey a power-law with exponent
-1. Specifically, the causal set SJ eigenvalues can be modeled as A°S = 8,/n® + fB,n + 5 . Importantly, there
is a smooth, linear regime in the UV, and this nonscaling behavior could indicate new physics. There is also a
clear convergence of the spectrum with causal set size N except that the knee is pushed to smaller eigenvalues
as N increases. We see these patterns in all cases that we consider.

IR ORTEE 2, [ 3 F0E 4 R, & 2 BIERRSE STAMEERXCTEE, RN T ESEE
A E—MHAEEERE D" B3, EhREHREN TR, NREIRMEECN-1 BRE,
BRI S, RIRE ST AMERTEEN 1S = B,/n* + Bon+ B3 o HEAJE, HINXIFIELIRAILN:
DX, XAPARRREAT N ATRERURTYI B, EHBRER R R ST N BRI, X N BRI, 15
BNOAMEER S, BAHERTA TR G HERLINE] 7 — A,

Alp
0.100 ¢
B N=4k
0.001 } N=8k
10_4 i . N=10k
B N=12k
10—5 L
10| W continuum
1 10 100 1000 <5190

Fig. 2 Log-log plot of the eigenvalues of iA divided by density p (for the causal sets, the continuum
spectrum is the straight black line), in the 2 d causal diamond; m = 0
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B 22d REREH, iA AEEFRAERE o FIXOSEIE (KRELER, ELENROEL); m=0

Re[Ww]

B N=4k
B N=6k
B N=8k
W N=10k
B N=12k

B N=4k
H N=6k
B N=B8k
B N=10k
B N=12k

Fig. 3 (a)-(b) represent Re [Wg;] vs. geodesic distance for a sample of 100000 randomly selected pairs, in
the 2d causal diamond; m = 0. (c)-(d) are plots of the binned and averaged data with the SEM. (a) Causal.
(b) Spacelike. (c) Causal. (d) Spacelike

& 3 (a)-(b) A _HERIIRZEH, 100000 X BEHLIEEE A A K Re [We;] FETMIHIZRER B HIAEML; m =0
o (0)-(d) 257 bin FEEHAREIRKIE, (a) KHF; (b) K255 (o) KM; (d) K=

Figure 3 shows scatter plots of Re [Wg;] for pairs of events that are causally and spacelike related; it also
shows the binned and averaged plots where the convergence becomes clear. The convergence with N is very
good and tells us that we are in the asymptotic regime, i.e., N is large enough. A comparison with the contin-
uum is shown in Fig. 4; it shows the scatter plots and the binned and averaged plots for Wg; within a smaller
diamond of side length 1/4 compared to that of the original diamond it is concentric to. The continuum IR-
regulated Minkowski curve is also plotted. These plots confirm that away from the boundaries of the diamond

Re [Wg;] indeed resembles the Minkowski vacuum.

B 3 JROR T SR SRBRAI SR 2 SRR A Re (W] HURE, R4 T 50 bin “FIYJERIE, Yshtt
FEEFRTEIAT U BE N AONSRIEIRR LY, BB VETHNEX R, BN R, SESLIEHIN
JontEE 4 R, B 4 G T RREIERIO/INFZ2E (AR N 1/4) N Wy BIBUREIFI2 bin ~FEIE,
AR 7LD T e HIESN Rk, IXLEENESE, TEREZTEIARIIXIR, Re [Ws] IS5
B REZE 5
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Fig. 4 (a)-(b) represent Re [ Wg;] vs. geodesic distance for all pairs within a sub-diamond with side length
1/4 of that the full diamond, in the 2 d causal diamond; m = 0. (c)-(d) are plots of the binned and averaged
data with the SEM. In both cases, the continuum IR-regulated Minkowski Wightman function Eq. (51) is also
shown. (a) Causal. (b) Spacelike. (c) Causal. (d) Spacelike

K 4 (a)-(b) M 2 d RERZEEH, MEKNEREBILK 1/4 T ZHENTE B4 HT Re [We; ] BEH:
LB, m=0, (c)-(d) 2% bin FEEHARMEIRIIE, FHAEIENA T T iESLIMA
X ERAERE 2 AR (51), (a) 2BET; (b) 2875 () 2BAY; (d) K%

Causal Diamond in M*
M* FHIBRIER 2T
The 4d Minkowski two-point function is

WP IEN A EP S RES o)

1
T 4m2x?’

and we work in units where the height of the diamond is unity.

Re [W pmink | x =itror |d], (53)
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BATRA BRRALH], LEEIREEN 1

In Fig. 5 we show the log-log plot of the SJ spectrum which converges well as N is increased, except near
the knee which, as in the 2d diamond, shifts to the UV as N increases. Also, there is no analytic calculation

of the SJ spectrum in this case to compare with.

B 5 45t 7 ST REIEATXON XS, 5 N R, BREAABDITAMERS IS ME RaF; M 4ESERI1E I
—F, BEE N, PARERINTIAREE. 1AL, IXIGIUE T ST REIE AT TR AR AT A TR L

Fig. 5 Log-log plot of the ANp

eigenvalues of i A divided by L

density p, in the 4d causal 0.010} G

diamond; m = 0 0.001 m N=16k
ol m N=18k

5 m N=20k
L m N=26k
1078 } il = N=30k
107 :
n

1 10 100 1000 10

N=16k
N=18k
N=20k
N=26k
N=30k

N=16k
N=18k
N=20k
N=26k
N=30k

Fig. 6 (a)-(b) represent Re [Wg;] vs. geodesic distance for a sample of 100000 randomly selected pairs, in
the 4d causal diamond; m = 0. (c)-(d) are plots of the binned and averaged data with the SEM. In both cases,
the continuum Minkowski Wightman function Eq. (53) is shown in red. (a) Causal. (b) Spacelike. (c) Causal.
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(d) Spacelike

& 6(a)-(b) 52 PYZE R SRZEHZ A FEHIHE 100000 X FEAR] Re [Wy | FEMIHIZREE B H9ZSLE; m =0
o (O)-(d) BAHEFHEHARERIIE, FRMEDH, ESX KRS AR 2 REEI (53) $IALL R
Ho (a) RIERAYL; (b) 28237 (c) RIRAY; (d) ezshl

In Fig. 6 we show the scatter and binned plots for Re [Wg;] as N are varied. The convergence with
increasing density suggests that the larger N values are approaching the asymptotic regime. The Minkowski
two-point function Eq. (53) is also included in this plot, and it clearly does not agree with Wg; in the full

diamond. The small distance behavior shows departure from the continuum, softening the divergences.

B 6 45 T EAZE N i Re [Wy] BIBURIEI S 4B, BEE TR INEREEERM, BEARK N EHIE
FERSIE I X IR, B theath 7 X R RSB BRI (53), BARESEAD AN Wy, H A2
NEBAT N EL W EIESLE, T TR

Figure 7 shows the scatter and binned plots for a smaller causal diamond of side length 1/2 compared
to the larger diamond it is in the center of. Although the agreement of Wg; with W;,, is not as good as in
2 d, we see that as N increases, there is a convergence of Wg; to W ... . This suggests that as in 2d, the 4d
diamond also shows an agreement with the Minkowski vacuum far away from the boundary.

B 7 R TR AREE D, IR 172 R/ NRRZERBURE S 2 AHE ., B2 W 5 Wi Y
REEA 2 d FRIEN, BERATATUER, BEE NER, We BT Wi o XU —ZER01H
DL, VU4EEE AR B I S A XISt AT & X FREL S,

Re[W] Re[W]

N=16k
N=18k
N=20k
N=26k
N=30k

" EEEN

N=16k
N=18k
N=20k
N=26k
N=30k

(B BN B B
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Fig. 7 (a)-(b) represent Re [ Wg;] vs. geodesic distance for all pairs within a sub-diamond with height 1/2
of the full diamond, in the 4 d causal diamond; m = 0. (c)-(d) are plots of the binned and averaged data with
the SEM. In both cases, the continuum Minkowski Wightman function Eq. (53) is also shown. (a) Causal. (b)
Spacelike. (c) Causal. (d) Spacelike

& 7(a)-(b) /2 4 d EFIRETO, ZEREVHEGEEN 1/2 FZTENERATE R Re [W;] BETIH
LRI AL m =0, (c)-(d) BAH P EHAMNERIIE, MRE SRS T ES N R
PRS2 RN (53), (a) RISRAY; (b) K2R, () RISREY; (d) Ko

Slab in dS?

ds? Wi AR X 35

The slab we consider in de Sitter spacetime lies within the region [—T, T (T is the cutoff in the conformal
time.). We also need to check convergence with T at fixed p , to show that the results are independent of the
IR cutoff.

BAHERPT N IR CAT (=7, 7) (7 DR ([T, ) (7 RSO FRIRE). R41E
FEKIETE p WX T RIBOHE, DUEESSR MR X

The Wightman function for the Euclidean vacuum in d spacetime dimensions is given by (The expression
for W  in equation B.36 of [3] has a minor typographical error: the factor of 47 should be raised to the power
of d/2 . See, for example,[7].)

d HER 2 FR U LS BRI MVRE 2 R EH N4 Gk [3] B9%6 B.36 I, W p BIRIAKAAE—
SEPR/NHERREE R IR F 47 BLER d/2 IR 2 DLBIARSTRR [7]. )

I'[h]T[h_ d 1+Z(x,y)+iesign(x® —»°
Wi (xy) = L T 1(h+ h g csign (2 =),
(am¥err 2]
(54)
where Z (x,y) is related to the geodesic distance, h, = d—;l +uv,0 = eNm2—m2, m, = dz_;l and

»Fi1 (a,b,c; z) is a hypergeometric function. The symmetric two-point function, or Hadamard function, for

any other Allen-Mottola a -vacuum is [3]

H 7 (x,y) SIHIZREE B A, hy = % +o,0=0m—m?. m, = % 1 ,F, (a, b, c; z) 2L
(AR, (TR H A G- BHERE o BIZSIRTFRIF SR E (RIFDA RS0 M [3]

Hgg (x,x") = cosh 2aH, (x, x") + sinh 2a [cos BHE (X, x") — sin fA (X, x")],

(55)where X is the antipodal point of x . The Wightman function is related to H by 2W = H + iA . We
show comparisons with the o -vacua found to correspond to the SJ vacuum in [3]. Since we work in even
dimensions, these are a = 0 for m > m,, (yielding the Euclidean vacuum), and
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Hrb x 2 x FONR AL R 2REUEIT 2W = H +iA 5 H HHREL, Tl P45 RS STk [3] HH0AR
XN ST HAEH) o HAAHEATAT . T EAMEMELET IR, S m > m, NXEAT N a=0, NN
BULEGEZ, A

o= %tanh_1 |sinzu| and B=7x % + 6 (—sin 7o) (56)

form < m, .
Y m < m, I,

We begin with 2 d de Sitter spacetime, and work in units in which the de Sitter radius¢ =1.In2 d, m, =
0.5, and the conformal mass m, = 0. Hence, the minimally coupled and the conformally coupled massless
cases coincide. The simulations span slabs of different T values from 1 to 1.5, while N values range from 8k
to 36k . We show the log-log plots of the PJ spectrum for the massless m = 0 and for the massive (This is an
arbitrary choice of mass with no special physical significance. It allows for comparisons with [3] in their 2d
de Sitter causal set simulations.) m = 2.3 cases in Fig. 8. The spectrum converges well for both masses, with
the knee shifting to the UV as N increases, as expected. We also show the comparison between the causal
set spectrum with the finite T continuum spectrum obtained via the mode comparison method in [3]. As
shown in Fig. 8, this spectrum does not seem to agree with the causal set spectrum even though the latter

convergences with N .

FATM 2 d EFEPERIN ZSTFAEIT ST, RAEPERER ¢ = 1 AN, f£2d,m, = 0.5 71, HEEFREN
m, =0, RtE/MEEHEEAAENILRERNEN, BPE S 7R T EIRSXE, TEETE
FEly 130 1.5, NREIETEENIM 8k £ 36k o FATTEE 8 LG H T IFiE m = 0 AR (X2E
RIAEA R, RARRYELE X, H TSR [3] Y —4ERE PR KR ARG R ) m = 2.3
TEBLE P DO, IR B A AU Rar, AT —RE, 50 N SR mEEs T fg s, &
TR b T RISRER 1S 5 SR [3] HPI@ I i LS I AR T 1%L, 1E 8 s, RERRER
BE N U, —FHLLFHA—EG

We show Wg; for both the above masses: m = 0 and m = 2.3, and vary over both the slab height T and
density p . For m = 2.3, as can be seen in the scatter plots of Figs. 9,10, and 11, Wy; agrees very well with the
ST vacuum expected from the calculation in [3] (the Euclidean vacuum). Furthermore, it appears that Wy; for
a given T is simply the restriction of Wyg; for a larger T . This is also in agreement with [3].

BTMBH T LAWRGE m = 0 Ml m = 23 XMH Wy, FNSERERE THEE . NT
m=23, ME 9. E 10 WHRERILABH, 11, Wy 558K [3] THERHEARY ST 523 (RIE LESHE
) FFERAERL, WA, NTHREREEE TREIN Wy, BRSRZER T XA Wy BIRRHI,
X5 SR [3] BIESIE—E

For the massless case, the @scatter plots of Wg; in Figs. 12,13, and 14 do not show convergence, but
instead fan out, as a function of the proper time and distance. As the density decreases, for T = 1.56, N = 36k
, the scatter plot Fig. 14 shows a clustering into two distinct sets. This suggests that Wg; may not just be a

function of just proper time and distance, and hence may not be de Sitter invariant.
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Fig. 8 Log-log plot of the positive eigenvalues of iA at T = 1, in 2 d de Sitter. In the massive case on the
right, we plot the largest 3500 positive eigenvalues and the corresponding continuum eigenvalues from the

finite T mode comparison results of [3]. () m = 0. (b) m = 2.3

SIAME T = 14k, 2 d 4EfEPER=S AP IERMEERON EE, GEIVEREEY, BieH TR
K 3500 PNERHIEE, PANSCHR [3] BBR T BELEEE R B ESERHMIEE, () m = 0, (b)
m=2.3

Re[W]
1.0

Fig. 9N = 24000, T = 1,p = 1226.31, in 2 d de Sitter. The scatter plot is Re [Wg;] vs. geodesic distance
for a sample of 100000 randomly selected pairs. The red curve represents the continuum W g from Eq. (54).
(a) Causal m = 2.3 . (b) Spacelike m = 2.3

& 9N = 24000, T = 1,p = 1226.31, 2 d Z4EfEPERiZS A, %A RUZ X BENLIHET 100000 1 m%f
LTI Re [Wey | AHIMbLRIE RS, L0 aphZfCaRaN (54) AHRESHE Wy o (a) Kt m =23, (b) 3K

Bm =23
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Fig. 10N = 36000,T = 1.5,p0 = 203.15, in 2 d de Sitter. Re[Wg;] vs. geodesic distance for 100000
randomly selected pairs. The red curve represents the continuum W g from Eq. (54). (a) Causal m = 2.3. (b)

Spacelike m = 2.3

& 10N = 36000, T = 1.5,p = 203.15, 2 d ZEFEPERFZEAIF, 100000 PREAE RN AT Re [W,] X
THZREE RS, 21 ALK (54) AHINELIE WEo () B m=23, b)EZm=23

Fig. 11N = 36000, T = 1.56,p = 30.93, in 2 d de Sitter. Re[Wg;] vs. geodesic distance for a sample
of 100000 randomly selected pairs. The red curve represents the continuum W g from Eq. (54). (a) Causal
m = 2.3. (b) Spacelike m = 2.3

K 11N = 36000, T = 1.56,p = 30.93, 2 d 4EfEPERFZS R, IXHUR EZ AT BENLIHEET 100000 1™ 5L
AT Re [Wey ] NIHIERFE RS, ZIEiZER (54) BHIESLE Wi o (2) KN m =23, (b)

KB m=23
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Fig. 12 N = 32000,T = 1,p = 1635.08 , in 2d de Sitter. (a)-(b) represent Re [Wg;] vs. geodesic distance
for a sample of 100000 randomly selected pairs, and the red curve represents the mean values with the SEM.
(a) Causal m = 0. (b) Spacelike m = 0

B 12 N = 32000, T = 1,p = 1635.08 , —4EfEPER=E[AIH, (a)-(b) JFEHIHHELHT 100000 ™ £ Y
Re [Wgy] NMIZREE RS, £LEphZARREPRIEIRIIIE, @ XN m=0, b)E=Em=0

Fig. 13N = 36000, T = 1.5, p = 203.15, in 2 d de Sitter. (a)-(b) represent Re [Wg;] vs. geodesic distance
for a sample of 100000 randomly selected pairs. The red curve represents the mean values with the SEM. (a)
Causal m = 0. (b) Spacelike m = 0

K 13N = 36000, T = 1.5, p = 203.15, 2 d ZEEPER=AEH, (a)-(b) NFEHLIMET 100000 SO HY
Re [Wgy ] ABMZREE RS, £L g PREIRIIIE, (@) K m=0, b)XZEm=0

33



Fig. 14N = 36000, —1.56 < T < 1.56,p = 30.93, in 2 d de Sitter. (a)-(b) represent Re [Wg;] vs. geodesic
distance for a sample of 100000 randomly selected pairs. The red curve represents the mean values with the

SEM. (a) Causal m = 0. (b) Spacelike m = 0

& 14N = 36000, —1.56 < T < 1.56, 0 = 30.93, f T 2 d f@PERFZ2EIH, (a)-(b) FE/R T 100000 X BHAL
IEEUEAR Y Re [Wy; ] STMILREE B HIC R, BT RFIMERITEIE, ()RR m =0,
b EZEm=0

Slab in dS*

ds* HrigAR X 35

Finally, we present simulations for the 4 d de Sitter SJ vacuum. In 4 d, m, = 1.5 and m, = \/5 ~141.

&, BAERT 4 d EARSEHPRE-LA@TMESIBENER, Wl 4dm, = 1.5 m, =
V2w~141,

Figure 15 shows the log-log plot of the SJ spectrum for m = 0 and m = 2.3 for various N . We find
excellent convergence with N in both cases, and again, as in the other cases, there is a knee which shifts to the
UV as N is increased. However, there is poor agreement with the continuum values of the finite T spectrum
calculated via the mode comparison method in [3], as in the 2d case. There is also no unusual behavior close

to the masses m = 0 and m = m, ~ 1.41 [28].

E1s B T ARIN T, m=0M m = 2.3 FIRE-LIMIGE 0O & &, BAVLMMAIELT, %
B N ARSI RAT ; I HAHEAMIGE —, IEFEE MM, 5 NBRE, PiRiassbsmgs.
SRIMAN BTG —HE, BATRIEERS SR [3] @ R IR S EI AR T i rEsE 5k
RE, TEFAEN m=0H m=m, ~ 141 FHa WA HMSFHITH [28]

Figures 16 and 17 are sample scatter plots of Wg; for m = 0 and m = 2.3 . In Fig. 18 we fix T for m = 0
and for m = m, ~ 1.41 and vary N to check for convergence with density; for smaller proper times and
distances, the convergence is not as good as it is for larger proper times and distances. For m = 1.41 we also
plot the Wightman function associated with the Euclidean vacuum W g in Eq. (54). W g does not compare
well with the causal set Wg; . The convergence with T can also be checked and is good for various m values.
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However, the Wightman function associated with the a -vacuum Eq. (55) as well as the Euclidean vacuum
W g once again does not compare well with the causal set Wg; for any of these masses. Overall, simulations
strongly suggest that the causal set 4 d de Sitter Wy; differs from the Mottola-Allen « -vacua for all masses. In
particular, there is modification of the small distance behavior of the state, making it well-defined in the UV

limit.

K 16 F1E 17 2 Wy 2 I7E m = 0 il m = 2.3 TEN FIEARURE, EE 187, BAIEE m =0
Mm=m.~ 141 NN T, K N RIS ERKRENE; N TE/NIEENER, ek
BARNE KRR EGRNMEEAEN, 5T m=141, FITCLH TS5 LVEESES W5 FHERIMR
Fr2 Rk, W (54), W MHESRE W NS ERZE, B TR T B9, MR
m AEWSGEREBR LT, 281, 53X (55) 1 a EZHXN MR SRBARM LESEZS W, NT
ERRRA R RE Wy, WEERE, BACKE, BRI RRIIRIA, FRE 4 d HEPER=E
0 Wy SFE R FRSEFEH- e o BZREAER, Fealt, ZANERIT L TR, 15
BAEEIMIIR T2 BRIFE L,

m N=16k
u N=20k
m N=24k
m N=28k
m N=32k
® continuum

Fig. 15 Log-log plot of the positive eigenvalues of iA , in 4d de Sitter. In the massive case on the right,
we plot the largest 6000 positive eigenvalues and the corresponding continuum eigenvalues from the finite T

mode comparison results of [3]. (a) m = 0. (b) m = 2.3

B 15 PULEREPERF 2 A A A IERFEERIDOTEE . HEVERERE, %] 7 &AH 6000 1
IERHE(E, PARSCHR [3] FARR T BEELRES RIS EIRIX MIELRHEE, (@)m =0, (b)m =23
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Fig. 16m = 0, N = 32000, in 4d de Sitter. Re [Wg;] vs. geodesic distance for 100000 randomly selected
pairs, and the red curve represents the mean values with the SEM. (a) Causal T = 1. (b) Spacelike T = 1. (c)
Causal T = 1.2. (d) Spacelike T = 1.2

& 16m = 0,N = 32000, PYAEEPERIZS[AIH, Re[Ws;] REMIHBLZRER B A28 (k, Edmk B RENLEEY

100000 *f p, LLOHMEARERFRMEIRIIIE, @QRELET=1, )T T=1, )FELT=12
o RFT=12
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Re[W] Re[W]

Fig. 17m = 2.3,N = 32000, in 4 d de Sitter. Re[Wg;] vs. geodesic distance for a sample of 100000
randomly selected pairs. The red curve shows the Euclidean two-point function W g from Eq. (54). (a) Causal
T =1.(b)Spacelike T =1. (c) Causal T = 1.2. (d) Spacelike T = 1.2

B 17m = 2.3,N = 32000, 4 d 4EEPERFZ3 R, Re [W;] BEMIHIZEE B 028k, BRI B REAIZEE

Y 100000 Xf LA, £LEAIZ T (54) R LRGN ROCERREI W o (@ EERE T =1, (b)
KBET=1, QQRRLET=12, @EET=12
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Fig. 18 Re [Wg;] vs. geodesic distance with varying density, in 4 d de Sitter. The blue curve shows the
Euclidean two-point function as a reference. (a) Causal m = 0,T = 1.3. (b) Spacelike m = 0,T = 1.3. (c)
Causal m =1.41,T = 1.4. (d) Spacelikem =1.41,T =14

K 18 7£ 4 d fEPERF =3 (A, Re [Wy,] BEMIZRER B AE N [FSE RV E R, BEFHE IR LES
MR, AEZ2%E, @QREm=0,T=13, O)EZEm=0,T=13, )RR m=141,T=14
o MEFEmM=141,T=14

Concluding Remarks

SR TH

Before concluding, we mention two ideas that have been explored around building a QFT on causal sets:
FERESZ T, BAVT AW ESEHRRE LA R 7171 EERRII HIER:

« Equations of motion: This arises as an aside to the SJ construction is the causal set - namely looking
at time evolution as a set of algebraic constraints on the field configuration rather than a discretized

differential operator (i.e., the d’Alembertian). Such constraints can be obtained from the relation:

o BB KRR RIS ST HE AR A1 25 i) — R R B (R iaTE LA —4H
RBAH, MAEEBILM D BAF (RIS DURERT), IXRLRAT DAl NRX RG]
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Ker (lfl - mf,) =Im (K)

In principle this is applicable to a globally hyperbolic region of any general spacetime.
JEN b, B TR — RN S AR OB X K

On the causal set, a solution of the field equation b € Ker (|f|) also lies in Im (3) ; therefore (We use

indices here instead of coordinates to emphasize that the objects here are matrices.),

FEFRAE L, 55772 b € Ker (£1) MR T 1m (B) 5 B (Rl TAEH TSR T A A i
R SRR,

r
by = Z AieSkex (57)
k=1

where s, span Im (3) are just the SJ modes and r = dim (Im (3)) . We can think of this equation as an
initial value problem by assigning known values to some "initial points” in the causal set, i.e., some values in

the solution vector b can be assigned as initial values. A preliminary discussion on this can be found in [21].

HA s, Im (3) 2 STAE, r=dim (Im (3)) o BATAT DX AT FE B MERIME A 25 R SR LAY
A “WEE” T EHNE, Wt 2fEmE b RIS aME R DHEE NEIE, XS HER
fik [21],

» Fermions: To discuss QFT for fermions, we need a way to first obtain the retarded Green function
analogue on the causal set and then use an appropriate PJ operator in order to get a unique set of modes.
The latter issue is resolved easily by replacing the bosonic PJ operator, which is written as a commutator

of field operators, with a fermionic version based on an anti-commutator, i.e.,

o PORT IR TOR TR T8, FANTEILGENERE EHERRARE X MADIE, A
FIEIER PY BARIGEIME——4E, & REZMOL FAB T PI BT FEA RTINS
¥, BANATRHENE T RN 5 FRIZORFhicA, Rl

{8 (0, 8500} = it (5.3

Here «, 8 are spin indices.
AL «, B 72 BTEFER.

In [19], Johnston gives two proposals for constructing spin-1/2 Green functions on the causal set. The
first one uses the Feynman checkerboard idea [14] which involves a path sum involving paths that zigzag in
spacetime and are made up of null geodesics. The second one uses the notion that the Green function for the
Dirac equation can be constructed as a “square root” of the Klein-Gordon Green function. The main insight

here is that if we define
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FESCHR [19] H, Johnston 25t T 1ERIRER BAIE EHE 1/2 FEMBEEEIM N T 5, 88— M2 241
R [14], ZEREFREN HZOEMMLRARL, (EN 2 2 FIATHRIBR R TR, BoATTR
E T — M IKRL 50 75 R AIMSR R £ ] DAREE N TS R - OB AR MR BRI R “F T AR” . HoAly
W, WREATE XL

sm<x—y>s—fddsz<x—z>R_m<z—y)

such that R satisfies the Dirac equation, then S satisfies the Klein-Gordon equation. Like in the bosonic
case, we can use a series expansion to get R,, once R, is determined. A similar construction can be used on
causal sets. However, the square root of a matrix (if it exists) is not unique in general, and therefore we may

need further constraints.

15 R BRI AR, B2, S it e s 3R - BT FIB G HIB I —#F, HE Ry JaBATTH]
PABES RIS E R,y o RIRER B thn] DAREFARIARIALIE, (BFEFERTF- 75 IR (RMERLE) — T2
ME—AY, RIEBATRTRER ERIMNILIR Ao

QFT on causal sets is an important direction in the broad area of computational (numerical) QFT and in
discrete approaches to quantum gravity. While we are not working here in the deep UV regime of full quantum
gravity, we are working at a mesoscale where the effects of discreteness are still relevant to the dynamics of
the quantum field. We showed how a free scalar field theory can be set up in various situations through the
use of the SJ method. We also mentioned other proposals around describing matter on a causal set. Such
studies still have a long way to go. Firstly, there are conceptual implications of defining such a state - we
mentioned that the SJ state coincides with the usual vacuum in static spacetimes. This is a limited result, and
it is not always clear how the SJ state corresponds to other states that can be defined in general spacetimes.
Mathematically, this is a consequence of working with finite regions, while other standard states are usually
defined in full spacetime. The answer to the question - “the SJ state is the natural state for which observer?” - is
not obvious. Secondly, we would like to apply this construction to more realistic theories - interacting theories
and theories involving fermions. The true test of utility and of phenomenological relevance has to come from
S-matrix calculations for these theories. Some exciting ideas have been proposed in these directions [16, 19],
and these need to be pushed further in order to deepen our understanding of the propagation of quantum

fields on causal sets.

FIRE LR TR TR BE) B F e UNE T 5 1 EBUT RS — N EZEDIFTT A,
TR FEH A M e BT 5 RSN, T TAREM R E—AE % R B AR T &
TR AR, TR TIMED ST 5 EE 2 Mo A mingEizEie, AT
TIRAIRE YRV 5 IXERMPRITA R KIS ZEE, B, & ORISR S Z
MR — AR ST SRS 2 PRI @ H S — 8, [HRX2MARAZEL, £ B2 ST
AU R A AT E SRS H A BB TR WY, WE B, IXBBRNHEAR RN TIERIZE R,
T E AR R I 7 AR e RN 22 by “ST A2 T HR MWL T = i B AR ™ 14N A
EFEFF I, IR, FAIAERIZIEN 2 B SRR e —H B E A EIeN @5 Pk T HIEE
B, REMEREGEM, BOAAMEAHREN, REUMEITXEMIE S FEMTRIGRK, Bl
TEIXLET M EEIR H TVF 25 I AT [16, 19], FEHE DR, DRI TN & 5 ER
RE EAEARITREAR,
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